» sparse matrices (classical elimination destroys sparsity)

» anyway only approximations, thus no need for exact solution
(this holds esp. in the nonlinear case, where a SLE occurs in
each step of some outer iteration for the nonlinearity)

» objective: ,for 3 digits, you need 10 steps” — no matter
how big the number n of unknowns is

» however typically: speed of convergence deteriorates
with increasing n!
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» typical behaviour of iterative schemes:
y=0(@1-n%), k0{01,2,...}
» strategy: look for iterative methods with
* only O(n) arithmetic operations per step of iteration (cost)
» aconvergence behaviour like y <1-const.

» two big families: relaxation and Krylov subspace
methods
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» All start from the res/idual r after i steps of iteration:
O =pb- Ax" = Ax- AX" = Alx—x)=-Ae"
(the error e is not known, so r is used as an indicator)
» How to obtain an improvement?
¢ Richardson: use the residual as it is as a correction

« Jacobi/GaulR-Seidel: make one component of r vanish
» SOR/damped: same, but do a bit less/more than indicated
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fork=1...n do x{* =x" +a 3,
(compute and store updates, apply them at the end)
» Gauld-Seidel or SOR, resp.:
repeat(i): fork=1...n do x{"*¥ =x" +a 1" /a,
(compute same updates, but apply them at once)

» For an analysis, decompose A in its strictly lower,
diagonal, and strictly upper part:  A=L,+D,+U,
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* GauR-Seidel: A A
+ SOR: M=a"[D,+L,
» some convergence results:

« If the iteration converges at all, then towards x.

« Crucial quantity is the spectral radius of —M [QA— M )
which is smaller than 1 if and only if the iteration converges.

« necessary for SOR: 0<a <2

« sufficient for GauR-Seidel/SOR: A positive definite

« sufficient for Jacobi: both A and 2D, — A are pos. def.
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improvement in irection of the negative gradien
repest(i) : o, :%; X0 = x4 r®; (0 = O —g AFO;

(1D minimization along search direction - f'(x”) =r®)
» even simpler: search along coordinate axes (is GS!)
» slow convergence (progress may get lost again!)

» crucial quantity: spectral condition number of A
K(A) = /\max(A) //\min(A)
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. new search directions: X" =x0 +aid(i)
« optimum orthogonality: 0=d® e | but error is missing ®
« therefore conjugatiom. Q=d®»" Aei*?
(u and v are called A-orthogonal or conjugate, if u' Av=0)
« algorithm: start with d©@ =r©@ and iterate:
dor®
« still to be done: construction of the conjugate directions d®
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d(i)T Ad @’
r(i+1)T r(i+1)

C 4D — (D) (0.
T 0 ;di ="+ BL,dY

» faster than steepest descent, but still depending on n!

» search spaces form a so-called Krylov sequence :
span{d“’),...,d(“l)}=span{d“’),Ad“’),...,N‘ld(")}:span{r“’),Ar(‘”,...,A“lr(O’}
» other famous Krylov methods: GMRES, Bi-CGSTAB
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